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INTRODUCTION 


This  project  consisted  of  two  separate  tasks. 

Task  I  involved  the  development  of  test  plans  for  an  experimental  investiga¬ 
tion  to  verify  existing  computer  simulations  of  the  M577  safe  separation  ievlce 
(SSD)  and  the  M739  saflng  and  arming  (S&A)  mechanism. 

Task  2  dealt  with  the  formulation  of  the  forward  and  Inverse  kinematic 
models  of  the  type  of  two-pass  clock  gear  train  used  in  artillery  S&A  mechanisms. 


TEST  FLANS 


Test  Plan  1 — Experimental  Investigation  Pertaining  to  Influence  of  Variation  of 
Escapement  Center  Distance  on  Number-of-Turns-to-Ara  of  the  M577  SSD 


This  test  plan  consists  of  the  following  main  phases: 

1 .  Measurements  of  certain  crucial  dimensions  of  M577  SSD  housings  and 
mechanism  train  components  associated  with  specific  units.  Each  manufacturer 
should  supply,  measure,  and  record  a  sufficient  number  of  units. 

2.  Selective  assembly  of  components  by  all  manufacturers  with  the  aim  of 
obtaining  full  SSD  assemblies  which  only  vary  with  respect  to  the  escapement 
center  distances  (C.D.'s).  (If  needed,  certain  subgroups  of  SSD  assemblies  are 
to  be  formed  within  which  only  the  escapement  C.D.'s  vary.  This  accounts  for 
rotor  property  variations.) 

3.  Conductance  of  spin  tests  of  SSDs  under  the  following  conditions: 

a.  Spin  axis  coinciding  with  SSD  axis 

b.  Spin  axis  not  coinciding  with  SSD  axis  (magnitude  of  eccentricity 
and  orientation  of  SSD  to  be  recorded) 

Regarding  phase  1,  the  following  actions  should  be  taken: 

1 .  The  SSD  spacer  and  plate  assembly  (dwg  9236552)  and  the  top  plate 
(dwg  9236553)  should  be  put  together  without  rolling  in  the  top  plate.  Pins  of 
the  largest  possible  diameter  should  be  Inserted  into  the  pallet  and  escape  wheel 
pivot  holes  and  the  overwlre  dimensions  should  be  measured  on  both  sides.  (Wire 
size  should  be  given.) 

2.  Diameters  of  both  pivots  should  be  measured  on  the  escape  wheel 
assembly  (dwg  9236537).  The  thickness  and  outside  diameter  of  the  escapement 
gear  (star  wheel)  should  be  measured  and  the  entire  assembly  should  be  weighed. 
The  indicated  dimension  "dM  should  be  checked  at  four  places,  90  degrees  apart, 
to  obtain  the  tooth  angle  (wire  size  should  be  given) . 
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3.  Diameters  of  both  pivots  of  the  lever  assembly  (dwg  9236540)  should 
be  measured.  The  thickness  and  outside  diameter  of  the  lever  should  be  measured 
and  the  entire  assembly  should  be  weighed.  Dimensions  marked  as  "A",  "B" ,  and 
"C"  should  be  measured  and  lever  pin  diameters  should  be  determined. 


4.  The  complete  rotor  assembly  (dwg  9236528)  should  be  weighed.  The 
location  of  the  center  of  mass  (c.g.)  with  reference  to  the  line  connecting  the 
pivot  centerline  and  the  centerline  of  the  detonator  sleeve  hole  should  be  deter¬ 
mined. 


Test  Plan  2 — Experimental  Investigation  Pertaining  to  Influence  of  Variation  of 
Escapement  Center  Distance  on  Number-of-Turns-to-Arm  of  the  M739  S&A 


This  test  plan  consists  of  the  following  main  phases: 

1.  Measurements  of  certain  crucial  dimensions  of  M739  S&A  housings  and 
mechanism  train  components  associated  with  specific  units.  Each  manufacturer 
should  supply,  measure,  and  record  &  sufficient  number  of  units. 

7.  Selective  assembly  of  components  by  all  manufacturers  with  the  aim  of 
obtaining  full  S&A  assemblies  which  only  vary  with  respect  to  the  escapement 
C.D.'s.  (If  needed,  certain  subgroups  of  S&A  assemblies  are  to  be  formed  within 
which  only  the  escapement  C.D.'s  very.  This  accounts  for  rotor  property  varia¬ 
tions.) 
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3.  Conductance  of  spin  tests  of  S&As  under  the  following  conditions: 


a.  Spin  axis  coinciding  with  S&A  axis 

b.  Spin  axis  not  coinciding  with  S&A  axis  (icagnitude  of  eccentricity 
and  orientation  of  S&A  to  be  recorded) 

Phase  2  consists  of  the  following: 

1.  For  given  assemblies  of  bottom  plate  (dwg  9258644),  gear  plate  spacer 
(dwg  9258646),  lower  plate  and  shaft  assembly  (dwg  9258650),  and  upper  plate  (dwg 
9258632),  the  following  measurements  should  be  determined  and  recorded: 

The  overwire  C.D.  between  pallet  shaft  and  the  escape  wheel  pivot 
holes  in  the  upper  plate  (the  largest  wires  possible  should  be  used 
and  the  wire  diameters  of  the  individual  holes  should  be  recorded). 

The  pivot  diameter  of  the  pallet  shaft 

2.  For  the  escape  wheel  and  pinion  assembly  (dwg  9258655),  the  following 
measurements  should  be  taken  and  recorded: 

The  outside  diameter  and  thickness  of  the  escape  wheel 

The  weight  of  the  assembly 

3.  The  diameter  of  the  pivot  hole  in  the  pallet  and  the  thickness  and 
outside  diameter  of  the  pallet  (dwg  9258631)  should  be  determined  and  recorded. 
Accuracy  of  the  17  degree,  10  minute  angle  noted  on  the  drawing  should  be  veri¬ 
fied;  also  the  accuracy  of  the  0.1905-inch  dimension  to  the  theoretical  corners 
and  the  accuracy  of  the  0. 0905-inch  dimension.  The  weight  of  the  entire  pallet 
should  be  taken  and  recorded. 

4.  The  weight  of  the  rotor  assembly  (dwg  9258639)  should  be  taken  and 
recorded.  Location  of  the  c.g.  should  be  ascertained  with  respect  to  the  same 
axes  as  given  in  drawing  9258639. 


MATHEMATICAL  MODELS  OF  CLOCK  GEAR  TRAIN  S&A 


The  following  sections  provide  the  basis  for  a  complete  mathematical  model 
of  an  artillery  S&A  mechanism  containing  a  two-pass  clock  gear  train  and  a 
straight-sided  verge  runaway  escapement.  They  are  based  on  the  "Fuze  Gear  Train 
Analysis1'  conducted  in  1979  (ref  1). 

Complete  forward,  as  well  as  inverse  kinematic  models  of  the  two  meshes  of 
the  clock  gear  train,  have  been  derived.  In  the  forward  model,  gears  no.  1  and  2 
represent  the  drivers,  while  in  the  inverse  model,  pinion  no.  2  and  the  escape- 
wheel  pinion  represent  the  input  components. 

The  inverse  model  is  needed  to  express  all  component  angular  accelerations 
in  terms  of  the  escapewheel  angular  acceleration. 
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FORWARD  KINEMATICS  OF  MESH  NO.  1 
(Angle  ^  is  Input,  Angli  ^  is  Output)1 


Round- On-Round  Phase  of  Motion 


A  schematic  of  mesh  no.  1  in  round-on-round  motion  is  given  in  figure  I. 
The  gear  no.  1  and  the  rotor  have  counterclockwise  rotation.  The  input  angle  is 
called  ^ ,  while  the  output  angle  is  called  ^p.  The  following  derivation,  where 

18  found  as  a  function  of  runs  parallel  to  reference  I,  appendix  G-2a. 


Unit  Vectors 


The  unit  vector  in  the  direction  0^  of  the  gear  no.  1  is  given  by 


nR1  -  cos  -  «G1  JL  +  sin  -  6Q1  jj  (1) 

The  unit  vector  in  the  direction  of  CG1cpl  is  given  by 

-  cos  Xjl  +  sin  Xjj  (2) 

The  unit  vector  normal  to  n ^  in  the  right  hand  sense  becomes 

"NX1  "  "  8in  *1*  +  co®  (3) 

The  pinion  unit  vector  npl  in  the  direction  of  02cp2,  is  represented  by: 

aPl  "  cos  (*2?  ~  Si  ?  +  ~  «p!  5  (4) 

Finally,  the  unit  vector  in  the  direction  from  pivot  Oj  to  pivot  02  is  given  by 

n^  -  cob  Bji  +  sin  (5) 


1  The  output  angle  of  s 
mesh  2  will  be  4>2g  <g 


iah  I  is  called  $2p  (P  "  pinicn),  while  the  input  angle  of 
■  gear).  Only  the  increaents  of  these  angles  are  equal. 
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Output  Angle  and  “Coupler"  Angle  A^ 

The  loop  equation  of  the  equivalent  four-bar  linkage  OiCQiCpi^  *8  ®lven 
aGl  aGl  +  L1  "ll  -  *P1  "pi  ‘  bl  "ft  *  0  (6) 


where 


Li  ■  PC1  +  PP1 


<7) 


After  substitution  of  the  various  unit  vectors,  as  given  earlier,  the  following 
component  equations  are  obtained: 

SG1  COS  K  "  6fiJ+  L1  008  \  ~  aPl  C°S  ~  )  “  bi  cos  Bj  "  0 

(8) 

and 

aGl  Sln  K  "  6G1  )  +  L1  sin  \  ~  aPl  8ln  C^p  "  ‘Vi  )  ~  bi  8ln  \  "  0 

(9) 

To  solve  for  the  output  angle  in  terms  of  the  Input  angle  ^ ,  substitute  the 

expressions  for  sin  A^  and  cos  A^ ,  as  obtained  from  equations  8  and  9,  into 


sin2  Aj  +  cos2  Aj  -  1 
This  leads  to 

A1R  All.  *,r  +  Bik  CO.  -  C1R 

where 

A,r  ■  b,  .in  (6,  A  ^  ) 


B  -  b 
1R  1 


CIO) 


(ID 


G1  »ln 

(♦,  - 

{G1  + 

(12) 

01  c°' 

5gi  + 

V> 

(13) 

'1R 


L1  bl  "  *C1  _  *P1  +  2  aGl  bl  c°8  ^  ^31  “  ) 

- - 


(14) 


Pt 


Equation  11  is  solved  for  according  to  a  method  used  in  reference  1. 
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(15) 


*2?  M 


2  tan 


-l  A1R  * 


A2  +  B2  -  C2 
A1R  +  B1R  °1R 


B1R  +  °1R 


The  correct  sign  must  be  determined  by  geometric  considerations. 
The  angle  may  now  be  obtained  from  equation  8  or  9,  i.e.. 


Xj  »  cos 


-1 


1  cos  h  +  apl  cos  (*2P  -  6P1  )  '  aGl  cos  K  "  <bl  )] 


or 


X^  ■  sin 


“1 


(16) 


(17) 


Output  Angular  Velocity2 — ^ 

Implicit  differentiation  of  equation  11  with  respect  to  time  furnishes 
the  angular  velocity 


where 


or 


*2  ‘ 


A1RD  8in  *2P  “  ®1RD  cob  ^p  "  c 


1RD 


A.„  cos  ^p  -  BlR  sin  *,p 


1R 


(18) 


aird 

"  “Gl 

cos 

6gi 

+ 

V 

"iRD 

-  aGl 

sin  ($ 

5gi 

+ 

6P)] 

C1RD 

,‘ci 

bi  s*'tl 

(♦,  - 

6gi 

-  el] 

aP! 

-  h  Hr1-! 

1  i  «1R 


(19) 


o 

Regarding  the  derivatives  of  the  gear  and  pinion  no.  2,  there  is  to  difference 
whether  the  gear  or  the  pinion  is  Involved.  The  difference  is  only  needed  for 
the  angles,  since  the  angles  end  $2G  ar®  expressed  with  respect  to  differ¬ 
ent  center  lines. 
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where 


LIR  ■  A1R»  el”  *lf  ~  “lRD  c°“  *SiP  '  C1RD  <20) 

M1R  '  *1R  C0‘  *!P  -  B1R  Sl"  (21> 


Relative  Velocity  at  the  Contact  Point 


The  relative  velocity  Vgl/T1  of  point  Sj  on  gear  no.  1  with  respect  to 

Tj  on  pinion  no.  2  has  the  direction  of  unit  vector  lty,  The  resulting  expres¬ 
sion  may  be  adapted  from  reference  1,  equation  G-63. 

5Si/TlR  '  (♦[  l°Gl  “*  f«l  *  501  -  \  )  +  <bl  ) 

5j  [*pl  co«  (^p  *  *1  )  "  PpllPflu  (22) 


Round-On-Flat  Phase  of  Motion 


Figure  2  shows  a  schematic  view  of  mesh  no.  1  in  the  round-on-f lat  phase  of 
the  motion.  (Only  the  contacting  sides  of  the  gear  teeth  are  indicated.)  The 
following  work  runs  parallel  to  that  described  in  reference  1,  appendix  G2b: 


Unit  Vectors 


The  unit  vector  in  the  direction  02Tt ,  along  the  flank  of  pinion  no.  2, 
is  given  by 


*Vi  *  co*  +  <Vi  £  +  #in  ^p  +  <Vi  H  <23) 


The  unit  vector  in  the  direction  SiCci  is  normal  to  npi  in  the  right  hand 

sense. 


nm  -  -  sin  -f  ^  *  +  cos  (^p  +  3 


(24) 


Rotation 


Figure  2,  Round-on-flat  phaaa  of  notion  of  aaah  no*  1 
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Output  Angle  <^p  and  Distance  gj 

The  vector  equation  for  the  mechanism  loop  O^-Cqi-Si-Ti-02  has  the  form 

aci  "ci  "  pgi  "nfi  "  gi  "pi  ~  bi  "»  "  0  (25) 

Appropriate  substitutions  for  the  unit  vectors  furnish  the  following  component 
equations 

aGl  C°9  (*L  '  6G1  )  +  PG1  8ln  (*2P  +  °W  5  ‘  bl  C08  \ 

-  g1  COS  («^p  +  )  -  o  (26) 


aG1  sin  -  6G1  )  -  pG1  cos  (^p  +  <Vi  ^  “  bl  *in  ®L 
-  sin  (<^p  +  ^  )  "  0 


From  equation  27: 


aGl  8ln  ^1  “  ^1  )  ~  «fcl  c°8  t*ZP  4  CP1  l  ~  bl  Sln  h  (28a) 

sin  (^p  •4.-^  ) 


Substitute  equation  2b  Into  equation  26 


[*Gl  C"‘  (*1  '  SGt  )  +  PG1  Sl“  (*!P  +  <Vl  )  '  bI  CO‘  ^  J  *ln  <*1P  +  <Vl  ) 

-  (“GI  ■1"  (*1  •  401  >  •  °G1  (*!P  +  'Vl  >  '  b!  *lB  \  ]  C°*  (*!P  +  'Vl  >  -  P28b) 


Simplification  leads  to 


*1F  ,1q  *!P  +  B1F  “»  *2T  -  CI 


where 


A1F  •  aGl  COe  “  *G1  "  }  "  bl  C0*  (Bl  “  ‘Vl  ] 


pfegg 


to 


>1F  "  '  *01  ■ln  (*1  *  *01  ■  'Vt  >  +  b!  ,ln  -  <Vl  ) 


C1F  "  "  *01 


Finally 


2  can 


-1  A1F  *  VA1F  *  B1F  ~  ^lF 
*1F  +  C1F 


The  appropriate  sign  Is  found  from  geometric  considerations. 


Determination  of  Angular  Velocity  ^  «  <j^G  for  Round- On- 'FI at  Phase  of 

Motion 


Differentiation  of  equation  29  with  respect  to  time  gives  for  ^ 


where 


i  l  f~AiFD  ,ln  hr  *  bifd  c°*  h? 

^  *1  A[p  CO.  *,p  -  Blp  .in  *jp 

»  m 


*1FD  "  *01  *ln  ^*1  '  5C1  '  “W  ) 
“iFD  ‘  *01  “*  K  '  *01  '  tl  ! 


Relative  Velocity  Vg, at  Contact  Point  During  Round-On-Flat  Phase  of 
Motion  ? 


As  shown  in  reference  1,  the  relative  velocity  consists  only  of 

Chat  component  of  Vgj/Qj  which  is  directed  along  the  flank  of  pinion  no.  2* 
Thus , 


Sl/Tl, 


^Sl/01  *  nFl J  nFl 


■  ^  x  (*G1  °G1  “  *bl  ”»F1  5)  *  “FI  )  nFl 
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Substitution  of  appropriate  unit  vactora  gives 


S1/T1_  "  K  K?1  8ln  (*H>  +  °Pi  "  \  *  *Gl  )  +  PG1  J  5P1 


(33) 


Determination  of  Transition  Angles 


from  th.  TIT  Jran8ltl°!?  ang1®8  and  ^PT’  which  corre«P<>nd  to  the  transition 
hTT.M?  round-on-round  to  the  rdund-on-flit  phase  of  the  motion,  are  determined 

Jg  is  found/  "  pl  iW  the  C°mp0nent  e<lUAtions  26  and  27.  From  this,  the  follow- 
cos  (^T  -  «G1  )  -  T~  [-PG1  sin  (^w  +  ) 


G1 

>1 


+  b.  cos  ^  +  fpl  cos  (^w  +  ^  )J 


(34) 


and 


8l”  C*1T  '  %1  )  "  ^  I%1  “•  (^pr  +  ■*,  ) 

+  bl  *1"  «\  +  fPl  ’1"  (W+  V)1  (35) 

The  angle  rfc^  i8  now  found  by  substituting  the  above  two  expressions  into 

sin2  (*1T  -  6G1  )  +  cos2  (^x  -  <5G1  )  -  1  (36) 

This  results  in 

A1T  8ln  *2PT  +  ®1T  C0B  *JPT  "  C’ 


IT 


(37) 


where 


ait  •  •  ^1  “•  -  ■Vi ) +  f„  *1”  -  <*,, ) 

V  ’  B01  *ln  (ai  '  "Vl  )+  fpi  “•  -  ^j) 


'IT 


*gi  -  4  -  -  *2 

- TS 


PI 


'l 


Finally,  equation  36  is  solved  for  in  the  usual  manner  of  reference  1, 
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^2PT 


*  2  tan 


-1  A1T±  \/AlT  +  ®LT  "  C 


2 

IT 


B._  +  C._ 
IT  IT 


(38) 


Here  also,  the  sign  must  he  decided  from  geometric  considerations. 

The  associated  angle  may  be  found  with  the  help  of  equation  34  or 
equation  35;  i.e.,  1T 


*1T  *  cos 


-1  r-%1  ,ln  ♦  <V!  )  ♦  »•  fp|  CM  ♦  V  )• 


G1 


+  5 


G1 


(39) 


4>1T  -  sin 


-1 


0O1  cos  (^pT  +  ^  )  +  b,  sir  6,  +  f pl  »i»  (*,„  +  ■Vl  J 


"01 


+  A 


G1 


(40) 


Sensing  Equations  for  the  Determination  of  Contact  on  Subsequent  Tooth  Mesh 


The  following  contact  sensing  equation  for  mesh  no.  1  is  based  on  the 
method  originally  shown  in  reference  1,  appendix  E.  Again,  it  is  assumed  that 
the  contact  of  the  new  mesh  will  be  made  in  the  round-on-round  mode.  Before 

contact,  the  distance  between  the  centers  of  curvature  Cq|  and  Cpi  is  given  by 

CG1  CP1  *  ^1^  +  ^lJ  (41) 

If  A$  and  A<1  represent  the  tooth  spacing  angles  of  gear  no.  1  and  pinion  no.  .2 

respectively,  the  associated  loop  equation  becomes  (see  fig.  E-3  of  reference  1 

together  with  fig.  I  of  this  report) 

®G1  fC°8  "  A*l  ”  fiGI  ^  +  8in  ”  A(h  '  6G1  ^  ] 

+  V  +  V  '  *pi  [co#  (^P  +  "  *P1  * 

+  sin  (^p  A^p  -  ^  5  ]  -  (cos  f^i  +  sin  g^j  )  -  0  (42) 

Note  that  for  mesh  no.  1,  the  angular  increment  A$.  la  negative,  while  ie 

poeitlve.  Further,  es  in  reference  i,  the  angle  $kp  must  he  determined  fofpthe 
round-on-flat  phase  of  motion,  since  the  initial  contact  of  a  subsequent  set  of 
meahing  teeth  is  preceded  by  this  phase  of  motion.  This  means  that  equation  30 
is  applicable. 
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The  instantaneous  magnitudes  of  and  are  obtained  from  the  compo¬ 
nents  of  equation  42;  i.e., 

S,i  •  bi  "*  ®i  +  *pi  “•  (*!?  +  ‘*ir  -  ‘pi )  -  »oi  “■  (<k  -  ‘  5oi  * 

(43) 


L  -  bt  sin  ^  +  apl  sin  +  A^p  -  ^  )  “  «C1  sin  - 


Contact  will  occur  as  soon  as 


'  t 2  +L2 

Lxl  +  Lx2 


<  ffel  +  *1 


FORWARD  KINEMATICS  OF  MESH  NO.  2 
(Angle  is  Input,  Angle  $  is  Output) 


Round-On-Round  Phase  of  Motion 


A  diagram  of  mesh  no.  2  in  the  round-on-round  phase  of  contact  is  shown  in 
figure  3.  Gear  and  pinion  no.  2  have  clockwise  rotation,  while  pinion  no.  3, 
together  with  the  escape  wheel,  has  counterclockwise  rotation.  The  input  angle 
associated  with  gear  no.  2  is  called  <k  ,  while  the  output  angle  of  the  escape 
wheel  is  defined  as  $.  The  following  derivation  runs  parallel  to  appendix  G-la 
of  reference  1 : 


Unit  Vectors 


The  unit  vector  in  direction  02Cq2  of  gear  no.  2  is  given  by 

5G2  '  CO#  ^0  +  6G2  £  +  8ln  (*2G  +  ^2  & 

The  unit  vector  in  direction  CgjCpg  i»  given  by 


n^  -  cos  Agl  +  sin  AjJ 


Escape  Wheel  and 
Pinion  NO.  3 


Direction  of 
Rotation 


Figure  3.  Round -on- round  phase  of  motion  for  mesh  no. 
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The  unit  vector  normal  to  n  ^  (in  the  right  hand  sense)  becomes 


■  -  sin  \,i  +  cos 


The  unit  vector  in  direction  OgCp2  is  given  by 

np2  -  cos  (  +  +  JI  +  sin  (*  +  ^,2  5 
Finally,  the  unit  vector  along  the  centerline  from  02  to  08  is  given  by 


-  cos  £1,1  +  sin  &,J 


Determination  of  Output  Angle  ^  and  "Coupler"  Angle  ^ 

The  loop  equation  of  the  equivalent  four-bar  linkage  02Cg2Cp2°s  is  8*ven 


aG2  nG2  +  L2  nA2  "  *p2  “p2  '  b2 


-  b„  n^  -  0 


where 


Li  m  “o2  +  °n 


After  substitution  of  the  various  unit  vectors  into  equation  51,  the  following 
component  equations  are  obtained: 

*G2  C°*  (*2«  *  SC2  >  +  l2  \  '  b2  "*  h  '  *p2  ^  -  0 

(53) 

*G2  *ln  <*1G+  S02)+  h  ,ln  \  '  b2  ,ln  %  -  *p2  ,l0  t4+  W*  0 


To  eliminate  lets 


sin2  ^  +  cos2  ^  -  l 
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The  resulting  expression  furnishes  (ref  1) 


A2r  sin  $+  B2R  cos  4  -  C2R  (56) 

where 

A2R  "  aG2  8ln  ^G  +  6G2  "  ^2  ^  “  b2  ®in  ^2P  ^ 

B2R  “  aG2  COS  (*2G  +  6G2  “  5P2  }  ~  b2  C°8  ^  "  ^2  > 

aP2  4  aG2  *  b2  "  h.  2aG2  b2  COS  *  ^2  h  ) 

2R  "  2ap2 

Equation  56  is  now  solved  for  according  to  a  method  used  in  reference  1 : 


$  ■  2  tan 


-1  A2R  ±  \/^2R  +  B2R  “  C2R 


B2R  +  C2R 


(57) 


The  correct  sign  in  the  above  oust  be  determined  by  geometric  considerations. 

The  angle  >2  may  now  be  obtained  with  the  help  of  equations  53  and  54 


or 


>2- 


*2- 


cos 


sin 


b2  cos  %  +  aP2  COS  (♦  +  ^2  )  ”  aG2  c°8  ^G  +  ^J2  )1 


(58) 


(59) 


Determination  of  Angular  Velocity  $  of  Escape  Wheel  for  Round-On-Round 
Motion 


Differentiation  of  equation  56  with  respect  to  time  furnishes 


*-  V 


2RD 


cos  t  -in  ♦ +  c 


*2*  “*  ♦  -  »2R  ,ln  ♦ 


2RD 


(60) 


Where 


A2RD  “  *G2  ”  ^P2  J 
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H2RD  "  *G2  Sin  Kg  +  5G2  "  ^P2  ^ 


*02  b2  "In  Kg  +  SG2  -  *2  J 


Note  that  in  equation  60 


*!G  '  *!P  '  4 


Relative  Velocity  at  the  Contact  Point 


The  relative  velocity  Vg2/x2R  t'ie  contact  point  S2  on  gear  no.  2  with 
respect  to  point  ?2  on  pinion  no.  3  may  be  adapted  with  equation  G21  of  reference 


^S2/T2r  "  K;2  COB  ^G  +  ^32  '  +  PG2  ^ 


-  ♦  [*P2  cos  (♦*►  ^  -  \2)-  fip2]}nNX1 


Note  that  in  above 


*2G  “  ^ 


Round-On-Plat  Phase  of  Motion 


A  schematic  view  of  mesh  no.  2  in  the  round-on-flat  phase  of  the  notion  is 
shown  in  figure  4. 


Unit  Vectors 


The  unit  vector  in  the  direction  is  given  by 


Sj2  -  cos  (♦  -  JE  +  sin  (ft  -  <^2  5 
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The  unit  vector  n^F2>  *n  c^®  direction  CQ2S2  is  always  normal  to  np2*  Thus, 
"NF2  ’  "  Sin  (♦  “  <^2  ^  +  C0B  '♦  "  ^2  ^ 


(64) 


Determination  of  Angle  4  and  Distance  g2  in  Terms  of  Angle  <J^G 

The  vector  equation  for  the  mechanism  loop  0  C  S  T  0  has  the  form: 

2  G2  2  2  s 


aG2  nG2  + 


PG2  **NF2  "  g2  nF2  “  b2  "ffi  “  0 


(65) 


Substitution  of  equations  46,  50,  63,  and  64  into  the  above  leads  to  the  follow- 
Ing  component  equations: 

aG2  C°S  (p2G  +  6G2  }  "  PG2  8ln  “  %2  ]  ~  \  C°8  \  '  g2  C°B  <+  '  °*>2  ]  "  0 

(66) 


and 


SG2  8ln  (*ZG  h  6G2  >  +  PG2  C°8  (♦  "  ^2  }  ‘  b2  8i"  h  “  g2  8ln  (♦  ~  °i>2  ]  "  ° 

(67) 


The  following  is  obtained  from  equation  67 : 

-  aG2  Bitl  (^G  +  *G2  )  +  ^2  C0B  [*  ~  °P2  )  ~  b2  sln  h 
82  "  sin  (4  -  Op2  J 

Substitution  of  this  expression  into  equation  66  results  in 


(68) 


A2f  sin  4  +  B2Jf  cos  4  -  C2p 


where 


*2F  ■  *02  “*  (60  (%  + 

*2F  '  -  *02  *ln  (io  +  522  +  >  +  "l  *in  <5  +  'fc  > 


(69) 


C2F  "  P02 
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Equation  69  la  now  nolved  for  6  **  Mrllar  In  rofarance  l 


6  "  2  tan 


-1  A2F 


±  \Jk%v  +  -  C 


*2F  +  D2F 


,2 

2F 


B2F  *  C2F 


(70) 


Dateralnation  of  Angular  Velocity  $  During  Round-On-Flat  Motion 


where 


and 


Implicit  differentiation  of  equation  69  with  respect  to  time  gives  for  $ 
$-  t  [*A2FD  8ln  *+  B2FD 

y  *2G  I  A.  roa  A  —  R  aln  A  I  I'D 


^F  C°8  ♦  -  B2F  aln 


*20  -  *2 


*2FD  _  *01  *ln  Ko  +  SG2  +  'kl 

*2  PD  ■  *G2  Kg+  SG2+  ‘Vj) 


Relative  Velocity  Vg2/T2  at  Contact  Point  During  Round-On-Flat  Motion  Phase 

r  , 

Again,  aa  shown  In  reference  1,  the  relative  velocity  V_,  consists 
*  S2/T2p 

“nlyni,°  that  co»Fonent  of  Vs2/02  whlch  is  directed  along  the  flank  of  pinion  no. 
3  #  Thus 

V32/T2f  “  fVS2/02  *  nF2  J  nF2 


{[^  x  (aG2  nG2  +  PG2  nNF2  ^  *  nF2  '  nF2 
Substitution  of  the  appropriate  unit  vectors  furnishes 


(72) 


*S2/T2_  ^2  t*02  #iu  (♦  "  °fei  “  *2.Q  "  ^  )  “  %2  2  “?2 


(73) 
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Determination  of  Transition  Angles 


The  transition  angles  t  and  4L  ere  reached  when  the  round-on-round 
phase  of  motion  is  followed  by  tlur round-<m-£lat  one.  They  are  obtained  by  let¬ 
ting  g2  *  fp2  in  the  component  equations  66  and  67.  This  furnishes 

*02  CM  (*!CT+  SC2!'  e02  "1”  (*r  -  "h>"  b2  c°*  %  -  £P2  c°‘  (*r  -  0 

(74) 
and 

*02  ,ln  (*!GT  +  %2  >  +  *02  °°*  <*r  '  ^2  J  *  b2  *ln  %  "  fP2  <•*[  ‘  1  ’  ° 

(75) 


from  the  above,  the 
cos  (^CT  +  «G2  )  - 


and 

8in  (*ZCT  +  ^2  ) 


following  is  obtained: 

a~  fpG2  sln  ^  “  <*2  )  +  b2  COS  %  +  fP2 


[-  %2  COB  ^  “  <*2  )  +  b2  c°8  h  +  f 


cos  (fy  -  c^2  )J 

(76) 


P2  sin  (*r  “  °P2  )) 

(77) 


The  transition  angle  is  now  obtained  by  first  using 
sin2  +  «G2  )  +  cos2  (^GT  +  «G2  )  -  1 

This  results  in 


(78) 


A _ sin  $+  B__  cos  C„„,  (79) 

2.T  2T  y  2T 

where 

*2T  '  °C2  “*  +  ^2  >  +  fP2  •1“  (%  +  °n  ) 

B2T  ‘  •  *02  ,in  K  +  an)*  fP2  “*  +  ^ 

2  2  2  2 

*G2  “  °G2  “2  *  r2 

C2T - 2b^ - - 
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Equation  79  is  solved  for  $in  the  usual  manner.  Thus, 


t  ™  2  tan 


/T~  _2  .2 

-1  A2T  *  \r  a2T  +  b2T  ”  C2T 


B2T  +  C2T 


The  appropriate  sign  must  be  found  from  geometric  considerations. 


77;  i.e.. 


The  associated  angle  is  determined  with  the  help  of  aquations  76  and 


.-1  PG2  8in  -  <V2  )  +  f?2  008  "  ^2  )  +  b2  C°8  . 

^OT  -  COS - r~ - ^2 

L  02  J  ran 


^GT  " 


-PG2  cos  (*  -  o^2  )  +  fp2  sin  ($  -  ^,2  )  +  *>2  sin 


Sensing  Equations  for  the  Determination  of  Contact  on  Subsequent  Tooth  Mesh 


The  following  contact  sensing  expression  proceeds  from  the  same  assumption 
as  that  for  mesh  no.  1  in  the  section,  "Determination  of  Angular  Velocity  X  - 

*  <uG  for  Round-On-Flat  Phase  of  Motion.”  The  configuration  is  that  of  fig¬ 
ure  3,  tmere  gear  no.  2  rotates  in  a  CW  direction,  and  initial  contact  of  the  new 
mesh  is  in  the  round-on-round  mode.  Before  contact,  the  distance  between  the 
centers  of  curvature  CG2  and  Cp2  is  given  by 


CG2  CP2  "  ScZ1  +  V 


If  AA  and  A#  represent  the  tooth  spacing  angles  of  gear  no.  2  and  pinion  no.  3, 
respectively,  the  associated  loop  equation  becomes  (ref  1) 


*02  (“»  (*2G  +  ‘*!C  +  fa  ?  *  *l"  *  4*10  +  fe  S  ! 


+  Lx2I  +  L  -J  -  b2  [cos  flLji  4-  sin  ] 


+  Sp2  [cos  (♦  -  A*  +  ^  jf  +  sin  (#  -  A#  +  ^  £  ] 


mussr  ~  ■'  i 

■  TV  ■  '*  '  ■ 


where  the  angle  ^  of  the  escape  wheel  and  pinion  no.  3  must  be  determined  with 
the  help  of  equation  70  since  the  mesh  which  precedes  the  new  one  is  in  the 
round-on-flat  node. 

The  magnitudes  of  L~o  and  1—2  ar«  determined  with  the  help  of  the  compo¬ 
nent  expressions  of  equation  Ba 


L*2  ■  b2  CM  %  +  *P2  "*  (♦-  “*+  ‘  >02  “•  (*!«  +  4*!G  +  SC2> 

(85) 

and 

Ly2  '  b2  *ln  5  +  *P2  Bl”  (♦-  “**  Vi)"  *02  *1'1  (<2o  +  S*!G  +  SG2  ) 

(86) 


Contact  will  occur  as  soon  as 


<  PG2  +  °P2 


(87) 


INVERSE  KINEMATICS  OP  MESH  NO.  1 
(Angle  Input  and  Angle  ^  is  Output) 


Round-On-Round  Phase  of  Motion 


Determination  of  Angle  ^  in  TermB  of  Angle 

The  component  loop  equations  8  and  9  are  again  used  to  determine  equa¬ 
tion  10,  i.e., 

sin2  X  +  cos2  X  *  1 


Appropriate  substitution  and  expansion  furnishes 


Ll2  “  *Pl  +  bl  +  *G1  *  2aPl  bl  co#  *  ^1  "  *ip) 
*  *in  \  2#P1  *G1  Cin  ^P  *  Si  5  C°#  5C1  ) 


(88) 


HWTW  I  W— W— B— ■— 


‘  2*pi  *01  “"  («ip  '  5pi  >  ”■'  *01 

-  2b,  •„,  .In  6,  CO.  !01  -  2b,  co.  B,  .In  | 

+  CO.  *,  fb  2«p,  a01  .In  C^p  -  )  8l"  SG1 

-  2.p,  •<-,  co.  (*,,,  -  6p,  )  co.  8,,, 

+  2b,  .S1  aln  8,  .In  S01  -  2b,  co.  6,  co.  } 

Further  simplification  gives 

h2  '  *pi  -  “oi  '  bi  '  2*pi  bi  008  K  +  ^>1  *  «4p) 

•  •!»  »,  (-  2.p,  «G,  .in  +  «G,  )  -  2b,  .In 

+  co.  ♦,  [-  2.p,  «0,  co.  (*,p  -  >w  +  8g,  )  -  2b,  co. 


(89) 


(V  5o,)I 

(B.+  S01>] 

(90) 


The  above  leada  to 


where 


°1R  Sln  *1  +  E1R  cos  ♦{  *  F 


1R 


dir  ‘  •  2*oi  !*pi  8ln  (*ip  +  5oi  -  ‘n  > +  bi  8l”  (“t  +  *oi J) 

*IR  ‘  -  2*01  [*P1  “*  (*2P  +  *01  -  *P1  >*  bl  C°8  ^  +  *01  >1 

'« ■  h2  -  *01  -  4i  -  bi  -  2*P1  bi  “•  (*tp  -  *1  -  *P1 ) 

Equation  91  ia  now  tolvad  In  the  wanner  of  reference  1;  i.e. , 


2  tan 


-1  »1R  *  /“?R  +  Ai  -  A* 


‘lR  +  F1R 


(92) 
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Determination  of  Angular  Velocity  1  in  Terms  of  Angular  Velocity  and 
Angles  ^p  and  ^  1R 

Implicit  differentiation  of  equation  92  gives 
°ir  *i  “•  *1  +  "m  ■ln  *i 

-  E1R  {,  .in  +  E1RD  co.  i,p  -  »1M)  Jjj,  (93) 

where 

°1RD  "  _  2aGl  ®P1  C°8  +  6GI  '  ^Pl  ) 

E  «•  2a  a  sin  (&  +  6  -6  ) 

1RD  G1  PI  ^2P  G1  PI  J 

F  -  2a  b  sin  f*  -0-6  1 

1RD  PI  1  l92P  1  PI  ' 

Then, 

♦l  (“iR  “*  %  '  E1R  “n  *1  >  ■  ("lRD  ‘  D1RD  *ln  *1  '  EXRD  “■  *1  ) 

(94) 

Now,  after  introduction  of  the  additional  subscript  R,  the  angular  velocity 
for  the  round-on-round  phase  is  given  by 

*IR  *  ^P  DER1R  (95) 


*■  ! 
K  j 
■  t 


where 


DER1R 


F1RI>  -  °1RP  ,ln  \  -  B1RD  “•  *1 
°1R  “*  ♦]  -  *1R  ‘ln  *1  ' 


Determination  of  Angular  Acceleration  d^R  1°  Terms  of  Angular  Acceleration 
5^p,  Angular  Velocity  ^p,  and  Angles  ^p  and  ^ 

Further  differentiation  of  equation  94  gives 


♦j  (olR  cos  -  B1r  sin  Aj  ]  +  ^  D1rd  cos  ^ 


-  *2P  eird  sin  *1  1  +  ^  f"  dir  8ln  \  “  eir  co8  *1  ] 
fFlRD  "  °1RD  *in  "  E1RD  C0®  *1  J 
+  *2P  fFlROD  "  °1RDD  8ln  \  “  E1RDD  C°®  *1  ^ 

+  ^2P  t"  °1RD  \  COS  *1  +  E1RD  K  810  *1  1 

where 


D1R00  ■  2*C1  *P1  *ln  *  5gi  "  5 

“iRDD  '  UC1  *P1  C°S  <*>P  +  S01  -  %l  > 
F1RDD  -  2aPl  "l  MS  (*!P  ‘  h  '  W 


Substitution  of  equation  95  Into  equation  96  and  the  Introduction  of  the  sub¬ 
script  R,  where  appropriate,  leads  to  the  following  expression  for  the  angular 
•• 

acceleration  <^R 


where 


♦iR  ‘  *!P  *1*2  +  ^P  X1X3 


X,  - 


IR  C°8 

*1  - 

E1R  8ln 

*1 

1RD  “ 

D,  „ 

1 

-e 

a 

n 

eird  "•  *1 

1RD 

rl 

D,  _ 

•in  ♦,  - 

■  E. _ cos 

1RD  " 

1RDD 

1RDD 

*3  *  1RD  "1RDD  ““  1  “1RDD  *1 

♦  DBR1R  t2  eird  810  \  -  2  D1RD  *•  \  ] 
+  DER1R2  [D1r  sin  ^  +  E1R  cos  ] 


(97) 
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Round-On-Flat  Phase  of  Motion 

Determination  of  Angle  ^  in  Terns  of  Angle  ^ 

When  the  terns  containing  the  angle  <A  in  equation  28b  are  trigonometri¬ 
cally  expanded,  the  following  is  obtained: 

(*G1  (C08  \  C08  6G1  +  8in  \  8in  6G1  )  +  PG1  8ln  *  °W  ) 

-  bj  cos  ^  ]  sin  (^p  +  apl  ) 

-  [aGl  (sin  ^  cos  fa  -  cos  ^  sin  fa  )  -  P(J1  cos  (ft,p  +  ) 

-  b  sin  $  ]  cos  (t  +  cl  )  -  0 

i  1  7P  PI  (98) 

Further  rearrangement  furnishes 

(-  «G1  COS  ( t2e  +  «,,,+  «G1)  )  *,  +  (»01  »i»  <  +  tv1  +  «01)  )  c°“  +1 

•  -  °01  +  bi  Bl"  <■*»  +  Si  -  ei ) 


The  above  may  now  be  written  in  the  following  form 


where 


dif  s1”  *1  +  eif  “■  *1  ■  F1F 


(100) 


D1F  -  -  *G1  COS  t*JF  +  Si  +  SG1  ) 

eif  '  *gi  ,ln  (4iF  +  Si  +  5oi  > 

E1F  *  -  Si  ♦  bi  ,l”  (*1P  +  Si  '  ei  > 

Equation  100  is  now  solved  for  the  angle  a  in  the  manner  of  reference  1  for  this 
type  of  expression.  Thus, 


•  2  tan 


-1  °1F  *  IF  +  E1F  “  *1F 


Blf  +  P1F 


(101) 
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Determination  of  Angular  Velocity  i  in  Terms  of  Angular  Velocity  L  and 
Angles  <^p  and  ^ 


Implicit  differentiation  of  equation  100  with  respect  to  time  furnishes 


Di  t  *i  c°*  *i  +  D1FD  *5p  *ln  \ 

-  E1f  },  .in  ♦,  +  Elra  4P  cos  ♦,  -  P1FD  (I02) 

where 

°1FD  ■  *gi  sln  Kp  *  °n*  JGI ) 

E1P0  ■  *01  “*  (*2P  +  %  *  *01  ) 

F1FD  ’  bl  “*  (*!P  +  <Vl  '  B1  5 

Then 

\  [Dlp  cos  ^  -  E1f  Bin  ^  ] 

*2P  ^1FD  "  °1FD  8in  ^  '  E1FD  C0S  ^  (103) 


Finally,  after  the  introduction  of  the  additional  subscript  F,  the  angular  velo¬ 
city  for  the  round  on  flat  phase  of  the  motion  is  given  by 

DER1F  (104) 


where 


DER1F 


-  D,__  sin  4,  -  E,__  cos  A, 
1FD  ^1  1FD  ~ 

bl?  cos  ^  -  ilf  sin  ^ 


Determination  of  Angular  Acceleration  in  Terms  of  Angular  Acceleration 
j^p,  Angular  Velocity  and  Angles  and  ^ 

Implicit  differentiation  of  equation  103  furnishes 
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I.WJW  *ryrf  m<0  WWW  'MymwyWWHi 


•• 

*1  [dif  cos  *1  -  eif  8ln  *1  1 
+  \  [-  d1F  ^  sin  ^  -  E1f  ^  cos  ^  ] 

+  h  [°1FD  COS  *1  *2P  “  E1FD  8ln  *1  ^ 

"  fFlFD  -  D1FD  8in  \  ~  ®1FD  C08  \  5 

+  *2P  [~  °1FD  cos  ♦[  *1  +  E1FD  *L  8in  *1  1 
2 

+  ^2P  f?lFDD  “  D1FDD  Sln  ^  "  E1FDD  C0S  ^ 

where 


difdd  ■  *r,i  (*!P  +  “h  +  s0l) 
E1PD0  '  ‘  *01  Sl°  (*!P  +  *1  +  *01  1 
P1PDD  ’  ’  bl  Sl”  (*2P  +  *VX  *  »1  ) 


Substitution  of  equation  104,  and  further  use  of  the  additional  subscript  F  for 
round-rpn-f lat  motion,  leads  to  the  following  expression  for  the  angular  accelera¬ 
tion  <|>1F 


*IT  V5  * 


}2P  X»X6 


(106) 


X4  "  (Dlp  cos  ^  -  E1F  sin  ^  ) 

X5  “  P1FD  "  D1FD  8in  \  -  E1FD  C08  *1 

X6  "  F1FDD  -  °1FDD  iln  \  -  E1FDD  C°“  \ 

+  DER1F  [-  2  DlF0  cos  6j  +  2  sin  ^  ] 

+  DER2F2  [DjF  sin  ^  +  ElF  cos  ^  j 


INVERSE  KINEMATICS  OF  MESH  NO.  2 

(Angle  $  la  Input  and  Angle  <J>  la  Output) 

ZG 

Round-Otv-Round  Phase  of  Motion 


Determination  of  Angle  A  In  Terms  of  Angle  $ 


The  component  loop  equations  53  and  54  are  again  used  to  substitute  Into 
equation  55;  i.e.. 


sin  A  +  cos  A  «  1 
This  leads  to 

L2  “  *P2  "  b2  aG2  2  aP2  b2  coa  ^  +  ^>2  "  %  ) 

-  4>2g  [2  ap2  ®G2  {c°*  (♦  +  «p2  )  s11*  «G2  “  Bln  (♦  +  ^  )  cos  6^} 

+  2  b2  aG2  {cos  02  sin  ^  -  sin  ft,  cos  6^}] 

+  cos  <|>2G  [-  2  a?2  aG2  {cos  (♦+  6p2  )  cos  6Q2  +  sin  (*  +  ^  )  sin  6^ 

“  2  b2  ®C2  ^C°a  02  C°8  6G2  +  8in  02  8in  6G2^  <108> 

Purther  simplification  furnishes 

L2  ”  aP2  b2  ~  aG2  ”  2  aP2  b2  coa  ( *  +  ^2  “  %  ^ 

-  sin  ^  [-  2  ap2  aG2  sin  (♦+  ^  -  «G2  )  -  2  a^  b2  sin  -  6^)] 

-  cos  ^G  [-  2  ap^  *Q2  COB  (♦  +  ^2  ’  )  "  2  aG2  b2  COi  ^  "  ^2^ 

(109) 


The  above  then  gives 

D2R  aln  +  *2R  C°*  *!G  *  ?2R 


(110) 
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where 


D2R  "  "  2  ®P2  *G2  flln 

(<J>  + 

^2  ' 

SG2  )  ‘  2  *02  b2  *ln 

!%  - 

dG2  ^ 

E2R  '  *  2  *P2  *G2  “* 

(♦  + 

5P2  ~ 

5G2  )  *  2  *G2  b2  “* 

(%- 

6G2  ^ 

F2R  *  h  ~  *G2  “  aP2  “  b2  '  2  aP2  b2  CO®  (♦  +  ^>2  ~  %  ) 

Equation  110  is  solved  for  the  angle  4  in  the  manner  shown  in  reference  1; 


*2G 


2  tan 


2R 


+  E 


+  F. 


2R 


2 

2R 


(111) 


Determination  of  Angular  Velocity  L  in  Terms  of  Angular  Velocity  and 
Angles  <^G  and  4 


Implicit  differentiation  of  equation  110  gives 


°2R  *2G  COS  *ZG  +  °2RD  ♦  8in  *2G  ~  E2R  *2G  8ln  ^G 
~  E2RD  *  cos  ♦jg  "  F2RD  ^  (112) 

where 

D2RD  ■  -  2  *p2  *C2  “9  (♦+  ^2  •  fe) 

E2RD  "  2  *P2  *G2  Sln  ^  +  5P2  "  4G2  ^ 

F2W>  '  2  *P2  b2  ,ln  V2  '  ®2> 

Then 


^G  t°2R  008  *2Q  ~  E2R  *l°  *2G  1 

*  ^F2RD  ”  °2RD  8in  ^2G  “  E2RD  C0*  *2G  J  (113) 

After  introducing  the  additional  subscript  R  to  Indicate  the  round-on-round 
phase,  the  angular  velocity  is  given  by 

^CR  -  ♦  DER2R  (114) 


12 


where 


C08 


DER2R 


F  -  D„__  sin 
2RD  2RD 


^G 


"  E 


2RD 


*ZG 


®2R  C08 


V,  ”  E2R  8in  ^G 


Determination  of  Angular  Acceleration  ^GR  In  Terms  of  Angular  Acceleration 
4>,  Angular  Velocity  and  Angles  and  ^G 

Further  differentiation  of  equation  113  furnishes 

4  1°2R  c0‘  *!G  '  E2R  al"  *!C  1 

+  *20  ♦  1D2R0  C0S  *tB  -  E2RD  al”  *!G 1 

+  4  I"  °2R  ■in  *20  *  E2R  “*  *20 ) 

•  • 

*  fF2RD  “  D2RD  Pin  ^G  ~  E2RD  COB  ^G  ^ 

+  *  ^F2RDD  “  D2RDD  8in  “  E2RDD  C°8  ^G  ^ 

+  H2G  [“  D2RD  C°8  *2G  +  E2RD  8in  (U5) 

where 

D2RDD  "  2  aF2  aG2  aln  +  fip2  6G2  ^ 

E2R0D  ‘  2  “p2  *02  “*  \l  -  5C2J 

F2RD0  ‘  2  *P2  b2  C°"  (*+  *P2  ‘  4 

Substitution  of  equation  114  into  equation  115  and  the  introduction  of  the  addi¬ 
tional  subscript  R,  for  round-on-round  motion,  results  in  the  following  expres¬ 
sion  for  angular  acceleration 

4r  •  ♦  hh  +  t  *7*9  <ll6) 


where 


IN  (***'!  WJLff 


mtm 


X8  '  P2RD  '  °2R0  ,i”  *20  *  S2RD  “*  ^0 

X9  “  F2RBD  "  D2SDD  *ln  *2G  “  E2RDD  “*  ^G 
+  0ER2R  [-  2  02RD  CO.  *j0  +  2  E^  .In  ^  ] 

+  DER2R2  [Dj,  Bln  ^  ♦  E2R  co.  ] 

Round-On-Flat  Phase  of  Motion 

Determination  of  Angle  $  in  Terms  of  Angle  $ 

2G 

When  equation  68  for  g2  substituted  into  equation  66,  the  result  is 

[aG2  C0S  (*2G  +  6G2  }  '  PG2  Sln  "  ^2  >  “  b2  C°8  \  1  8ln  ^  “  ^2  ) 

-  [aG2  ®in  (4>2G  +  «,2  )  +  °G2  cos  (♦  -  «\,2  )  “  b2  8in  \  ]  cos  (♦  “  °^2  )  -  0 

(117) 


Now  expand  the  terras  containing  the  angle  ^G  trigonometrically 

fflG2  (C0S  ^2G  C08  6C2  '  8in  *2G  8ln  ^G2  ^  PG2  sln  ^  ~  ^ 

-  b2  cos  P2  ]  sin  (<f>  -  c^2  )  -  [aG2  (sin  ^  cos  &G2  +  cos  <f>2G  sin  6^  ) 

+  PG2  cos  ($  -  <^2  )  -  b2  8ln  \  ]  cos  ^  “  °^2  ^  "  °  (ll8> 

Further  rearrangement  furnishes 

[“  *G2  8ln  (*G2  "  *+  °*2^  C°8  *2G  +  aG2  C°8  ^G2  "  ♦ +  °fc2  ^  8ln  *2 


~  P, 


G2 


♦  b2  sin  (^  -  +  +  <^2  )  -  0 


or 


°2F  9ln  *20  +  E2F  C°8  “  ?2F 


(119) 


(120) 


where 


UUIM.IIUP^ 


V  -  *02  “*  (♦“  “te  -  fe) 

'2F  ■  *02  *l"  <♦-  ‘k  *  W 

F2P  ‘  *02  +  b2  *1*  <■*  ‘  'k  •  h  > 

Solution  of  equation  120  for  the  angle  A,  according  to  the  method 
described  In  reference  1,  leads  to 


*2G 


-  2  tan 


-i  °2f  ±  yf1 


2  2  2 
D2F  +  E2F  “  P2F 


E2F  *  P2F 


021) 


Determination  of  Angular  Velocity  jL  in  Terms  of  Angular  Velocity  $  and 

4  —  a,  x  ZGF 


Angles  <|>2G  end  4 


Implicit  differentiation  of  equation  120  with  respect  to  time  gives 


D2F  he  C°8  +  °2FD  ♦  *ln  *2G  “  E2F  8ln  *>G 


+  E2FD  *  cos  ^  -  F2fd  ♦ 


(122) 


where 

D2F0  ‘  *02  (♦  •  *2  "  *02  ) 

S2FD  ‘  *02  “*  (♦  -  Vi  '  *02  ) 

F2FD  ■  b2  C0*  (*-  'k  ‘  ^ 

Then 

*2G  ^D2F  608  "  E2F  8in  ^G  ^  *  (P2FD  ”  D2FD  8in  ^G  “  ®2FD  C°8  ^2G  ) 

(123) 
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Substitution  of  equation  124,  and  further  use  of  the  additional  subscript  F  for 
round-on-flat  notion,  leads  to  the  following  expression  for  the  angular  accelera- 

tlon 


*!0F  '  +  X10X11  +  *  X10X12 

where 

x _ i _ 

10  D2F  cos  *2g  -  E2p  sin  4^ 

and 

X11  "  F2FD  "  D2F0  8ln  ^G  "  E2FD  Coe 

X12  “  F2FDD  “  D2FDD  8in  *2G  ~  E2FDD  COS  ^G 
+  DER2F  2F2FD  «».  *2G  +  E2FD  sin  ^  ] 

+  DER2F2  [D2p  sin  4^  +  E2p  cos  ] 
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